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Abstract. We explain how the generahzed Milnor-Wood inequahty of Burger and 
lozzi for reductive representations of a coconipact complex-hyperbohc lattice into a 
Hermitian Lie group translates under Simpson's non-abelian Hodge correspondence 
into an inequality for topological invariants of the corresponding Higgs bundles. In 
this way, we obtain an inequality that holds for all Hermitian Lie groups, generalizing 
the Milnor-Wood type inequalities for Higgs bundles that have been proved for the 
classical Hermitian Lie groups by Bradlow, Garcia-Prada, and Gothen and by Koziarz 
and Maubon. 
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1. Introduction and main result 

Moduli of representations of the fundamental group F of compact complex-hyperbolic 
manifolds into various types of Lie groups G have been studied intensely over the past 
several decades. During the last few years a number of remarkable results have been 
obtained in the case where G is a simple non-compact real Lie group whose associated 
symmetric space is Hermitian. We will refer to Lie groups of this kind as Hermitian Lie 
groups for short. Given a Hermitian Lie group G, we denote by M.{T,G) the moduli 
space of conjugacy classes of representations of F into G. Two different approaches to the 
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study of these moduli spaces have turned out to be particularly successful. The boundary 
map approach developed by Burger, lozzi, and Wienhard [H [S] using techniques from 
bounded cohomology on the one hand, and, on the other hand, the Higgs bundle approach 
based on harmonic maps techniques that was introduced by Hitchin flUi [TT] and Simpson 
[T7t [T6] and which was first applied in the Hermitian context by Bradlow, Garcia-Prada, 
and Gothen [2] and by Koziarz and Maubon [T3] . 

An important numerical invariant associated to a representation of F into a Hermitian 
Lie group is the Toledo invariant. In the generality discussed in this article this invariant 
was first introduced by Burger and lozzi [3] extending a definition of Toledo [18]. For 
representations of fundamental groups of closed surfaces of higher genus into SL2(]R) it 
was proved by Milnor [T^ and, in the non-orientable case, by Wood [19j that the Toledo 
invariant is bounded, satisfying a sharp inequality known as the Milnor- Wood inequality. 
Various generalizations of this inequality have been obtained since, the most general be- 
ing due to Burger and lozzi [1] who apply techniques from bounded group cohomology 
and build on estimates of Domic and Toledo and Clerc and 0rsted 0. In partic- 
ular, their results yield a sharp inequality of Milnor- Wood type for representations of 
fundamental groups of arbitrary compact complex-hyperbolic manifolds with Hermitian 
target. 

This article grew out of the authors' attempt to understand how the Milnor- Wood type 
inequality of Burger and lozzi translates to the Higgs bundle side under Simpson's non- 
abehan Hodge correspondence [T71 [16] . As it turns out such a translation is possible and, 
in the case of the classical groups, yields precisely the Milnor- Wood type inequalities for 
Higgs bundles that have been established by Bradlow, Garcia-Prada, and Gothen |2] and 
Koziarz and Maubon [T3] applying techniques from differential geometry. This is the first 
step of a program that aims to investigate in a more systematic way the interrelations 
between the bounded cohomology approach and the Higgs bundle approach to the study 
of representations of fundamental groups of compact complex-hyperbolic manifolds into 
Hermitian Lie groups. 

We now describe our main result. Let G be a simple connected Hermitian Lie group 
and F the fundamental group of a compact complex- hyperbolic Kahler manifold (M, um)- 
By Simpson's non-abelian Hodge correspondence (see Sections E] and S]), every reductive 
representation p: F — )■ G gives rise to a G-Higgs principal bundle. By choosing an admis- 
sible linear representation a: G — )• GL{E) = GL(y (BW) of G (see SectionH]), we obtain 
from this a Higgs vector bundle (E, 6) over M. This means that is a holomorphic vector 
bundle over M, and ^ is a holomorphic 1-form on M taking values in the endomorphism 
bundle End(E) such that the integrability condition [6 A 6] = is satisfied. Our main 
result is the following theorem. It expresses, for any admissible representation a, the 
Milnor- Wood type inequality for the Toledo invariant of the representation p: F — t- G 
in terms of topological invariants of the associated G-Higgs vector bundle (E, 6) and a 
numerical constant associated with the representation a. 
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Theorem 1. Let G be a simple connected Hermitian Lie group, and fix an admissible 
representation a: G ^ GL{E) = GL{V © W) of G (see Section^. Let p: V ^ G be a 
reductive representation of the fundamental group of M. 

Then the degrees of the subbundles V and W of the associated Higgs vector bundle 
{Ep fj = V(B W,6p) satisfy the following inequality of Milnor-Wood type 

(1) |deg(F)| = |deg(W-)| < ^ii^.VoKM), 

where c„ is some numerical constant associated with the representation a (see Section^ 
and Vol(M) is the volume of M with respect to the Kdhler form ujm- 

We would like to emphasize that our proof of Theorem [1] relies on an argument that 
works uniformly for all simple connected Hermitian Lie groups, including the exceptional 
ones. Only the computation of the constant requires a case-by-case analysis. To 
demonstrate how Theorem [1] may be applied in practice, we compute in Section [5] the 
constant Co- in the cases where a is the standard admissible representation and G is either 
SU{p,q) or Sp{2n,M.). In this way we obtain the following theorem, which is already 
contained in [2] and [T3] . 

Theorem 2 {^,^). Let G be either SU{p,q) orSp{2n,R), and let a: G ^ GL(C™), 
m & {p + q,n} be the standard admissible representation. Then the degrees of the sub- 
bundles V and W of the associated Higgs vector bundle {Ep^„ = V(B W,6p) satisfy the 
following inequalities: 

|deg(F)| = |deg( < ^ . I^i^i^''^} ■ Vol(Af) ^f G = SU{p,q); 
' ^' ' ^' - 47r |n-Vol(M) if G = Sp{2n,R). 

Acknowledgment. We thank Kloster Mariastein for their hospitality and excellent 
working conditions. We would also like to thank Vincent Koziarz, Julien Maubon, Anna 
Wienhard, Marc Burger, Alessandra lozzi and Chris Woodward for illuminating discus- 
sions and suggestions, and for pointing out some mistakes. The second author would 
like to thank the Department of Mathematics at Rutgers University for their hospitality 
and excellent working conditions. 

2. Bounded Toledo invariant and Milnor-Wood type inequality 

In this section, we briefly review those facts from the bounded cohomology side that 
we shall reinterpret in terms of Higgs bundles in the subsequent sections. 

Recall from the introduction that (M, um) is a compact complex-hyperbolic Kahler 
manifold of complex dimension n, and that G is a simple connected Hermitian Lie group. 
Let us write H := SU{n, 1), and recall that M has fundamental group T G H. Denote 
the universal cover of M by vr: M = — )■ M. We fix a maximal compact subgroup 
K oi G and denote by g = t © p the Cartan decomposition of the corresponding Lie 
algebras. Let X = G/K be the corresponding symmetric space with base point the 
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identity coset o = eK. Let ux be the natural Kahler form on X whose Kahler metric is 
normahzed to minimal holomorphic sectional curvature —1. 

Recall from |1] the definition of the bounded transfer map T^: if^(r,R) — )■ R) 
and the isomophism l: Q{X)'^ — Hl^{G) given by w i— [cj\, where 

1 



■^^ JA{go,gi,g2) 

for A(gQ, gi, a geodesic triangle with vertices go ■ o,gi- o,g2 ■ o. We denote by := 
i{u}x) the bounded Kahler class of G and by the bounded Kahler class of H. Then 
Hl{H,R)=R-K'i,. 

Definition. Let p : F — G be a representation, and consider the map 

n{p) : HliC M) A H^{T, M) ^ M) = M ■ 4. 

The (bounded) Toledo invariant of p is the real number T(p) defined by the relation 

T,(p)(4) = r(p)-«:^. 

Our definition of the Toledo invariant coincides with that given in [4j. In the case of 
surfaces it differs from the Toledo invariant defined in [5] by a factor of Note 
that in [5], our T(p) is denoted tf,(p, k^). The following inequality is an immediate 
consequence of work of Domic-Toledo and Clerc-0rsted: 

Lemma 3 (Milnor-Wood type inequality). Let p:T ^ G be a representation. Then the 
Toledo invariant of p satisfies 

|T(p)|<rk(G). 

Proof. Clerc and 0rsted [B] (generalizing results of Domic and Toledo [H] in the classical 
case) proved that 

||4|| =7r-rk(G'), \\K^^\\=n. 

The map Tf,(p) is a combination of pullback and transfer and thus is norm-decreasing. 
Hence we have 

|T(p)| ■ vr = ||T(p) • 411 = ||T,(p)(4)|| < II4II = TT ■ rk(G). 

□ 

Let us recall from [4] how the Toledo invariant can be computed using L^-differential 
forms. We denote by Vol(M) the volume of M with respect to the Kahler form ujm- 

Proposition 4. Let p: T ^ G be a representation, and let f : M ^ X be a p-equivariant 
continuous map. Then the Toledo invariant of p is given by 



n-l 
M ■ 

M 
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Proof. By Lemma 5.3], we have 

T[p) = —, 

\U!m, ^M) 

Hence we can write 

T!'*f*u;x = T{p) ■um + 1^ 
for some L^-2-form /3 ± cja/. Applying the Hodge ^-operator we see that 



M 



Thus we obtain 



M J M 

□ 



3. Toledo invariants for Higgs principal bundles. An abstract formula 

The G-Higgs vector bundle (Ep^o-, Op) associated to a given reductive representation 
p: r — )■ G and an admissible representation cr: G — )■ GL{E) is obtained in a two-step 
process. First, we use the representation p to construct a G-Higgs principal bundle 
(Pp, dp, Op) over M. The G-Higgs vector bundle (Ep^o-, Op) is then obtained as the vector 
bundle associated to Pp via the representation a. 

In this section, we explain the first of these two steps. We denote by Gc, K^, Qc, tc 
and pc the complexifications of G, K, g, fi and p, respectively. 

A G-Higgs (principal) bundle over M is a triple {P,dp,0) consisting of a principal 
i^^c-bundle P over M, a holomorphic structure dp on P, and a smooth 1-form E 
fl^{M, P{pc)) on M taking values in the associated vector bundle P{pc) '■= -PxAdPc 
and satisfying the equations 

dp = 0, [0A0] = 0. 

The 1-form is called the Higgs field. The first equation says that it is holomorphic with 
respect to dp. 

Simpson [TTl Thm. 1] proved that there is a bijective correspondence between conju- 
gacy classes of reductive representations of T into G and gauge equivalence classes of 
polystable Higgs G-bundles over M satisfying an additional stability condition. Recall 
that a representation p: F — )• G is called reductive if the Zariski closure of p(F) in G 
is a reductive subgroup. For our purposes here, we will only need that part of Simp- 
son's correspondence which associates to our reductive representation p: F — )■ G a Higgs 
G-bundle {Pp,dp,Op) over M. 

We will give an explicit construction of the associated G-Higgs bundle {Pp,dp,Op), 
and then derive a formula (see Proposition [7]) that expresses the Toledo invariant T{p) 
in terms of the Higgs field Op. Our presentation is inspired by Koziarz and Maubon [131 
Sec. 2]. 
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Let p: r — )■ G be a reductive representation. First of all, we explain how to construct 
the associated i^c-bundle Pp over M. Define a G-bundle pu'- Pg '■= M XpG ^ M over 
M. By a result of Corlette [7] there exists a p-equivariant harmonic map f: M X. 
This map defines a K-subbundle Pk of Pq by the relation '7i*Pk = f*G. Note that Pk 
is obtained from Pq by reduction of structure group from G to K, and this reduction is 
determined by the map /. There is a commutative diagram 



P 



G ■ 



MxG 



Pm 



■rc- 



TT 



id. 



G 



M 



A. 



id / 



Vx 



M 

The desired ii'c-bundle Pp is now obtained as the complexification of the fC-bundle Pk-, 
that is, Pp := Pk XrKc. 

Next, we explain how to construct the Higgs field 9 G Q^'^{M, P{pc)). Let cog € 
(G, q) be the Maurer-Cartan form on G, and denote by : g — )■ p the canonical 
projection associated to the Cartan decomposition g = t © p. Then the p-valued 1-form 
Pp o ug G ^^(G, p) on G is horizontal and ii"- invariant, hence descends to a 1-form Uq 
on A" taking values in the associated vector bundle G x^dp- Pulling this form back to 
M along / yields a 1-form G fi°(M,T]^M ® (/*G XAdp)) on M taking values in 

the pull-back bundle /*(G x^dp) = f*G XAdP- Note that this 1-form is defined on the 
real tangent bundle of M. Now f*ujQ is p-invariant since / is p-equivariant and ug is 
G-invariant. Hence it descends to a 1-form 6 G fi°(M, T^M {Pk x Ad p)) on M taking 
values in the associated vector bundle Pk >^AdP and satisfying 



(2) 



Extending complex-linearly we obtain a 1-form 0c G r2°(M, T^M ® P(pc)) on M. 
Here we used that Pk XAd Pc = (Pr >^k Kc) XAdPc = P(Pc)- Note that this 1-form is 
defined on the complexified real tangent bundle of M. Taking the (l,0)-part of 0c, we 



obtain the Higgs field 9p 



0^'° G fi°(M,T*M®P(Pc)) 



^]l'°(M,P(pc)), where TM 



is the holomorphic tangent bundle of M. 

The construction of the holomorphic structure dp is explained in [13]. Since we will 
not need it for our purpose, we skip this point. 

In order to express the Toledo invariant T(p) in terms of its associated G-Higgs bundle 
(Pp, dp, 9p), we have to find an expression for n^f*ux in which only depends on the 
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Higgs bundle data, where /: M — )■ A" is the harmonic p-equivariant map introduced 
above. Denote by Uo '■= {u}x)o the restriction of the Kahler form on X to the tangent 
space = p at the base point o. That is, Uo is a real-valued ii"-invariant 2-form on 
the vector space p. Hence it induces a fiberwise real- valued 2-form Q on the associated 
vector bundle G x^dp- Pulling Q back along / yields a fiberwise real- valued 2-form on 
the bundle f*G XAdP- This 2-form is p-invariant since / is p-equivariant and Uo is G- 
invariant. Hence it descends to a fiberwise real- valued 2-form Q on the associated vector 
bundle Pk x^dp satisfying 

(3) 7r*Q = f*Q. 

Define a real- valued 2-form (^(9,9) G ^]°(M, /\^ T^M) on M by the assignment 

^^(e,9)(ei,6):=fi(0(ei),e(6)) 

for all vector fields ^1,^2 ^ ^^{M,T^M) on M. It has the following property. 
Lemma 5. The 2-form f2(9,9) and the Kdhler form ux on X are related by 

n{Q,Q) = 7rJ*ux. 

Proof. This identity is an immediate consequence of the defining properties of 9, the 
Maurer-Cartan form and the Kahler form ux- More precisely, using ([2]) and we 
obtain 

7r*(fi(9,9)) = 7r*fi (7r*9, 7r*9) 
= f*n {f*iol 
= f*{Q{ulul,)) 

= f*{(^oiPp°UJG,Pp°^G))- 

Moreover, we have an identity 

since both the Maurer-Cartan form uq and the Kahler form ux are G-invariant and 
the claimed identity certainly holds at the base point 0. Hence we conclude that 

7i*{n{e,Q)) = f*ux. □ 

Remark 6. Note that LemmaOprovides an identity on the cochain level. For the purposes 
of this article, an identity of cohomology classes would be sufficient. However, for future 
investigations of invariants arising from bounded cohomology it seems to be advantageous 
to work on the cochain level. 
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Let US denote by 

r: ((T^'°M)* © (T°'^M)*) ® P(pc) ^ ((T^'^M)* © (T^'^M)*) © P(pc) 

the bundle map induced by the map T^'^M © T^'^M T^'^M © T^'^M on TcM ex- 
changing the holomorphic and antiholomorphic tangent bundles of M and by the Cartan 
involution 0c ~^ 0c- The construction of 9p above then shows that 9c = dp — ^{(^p)- 
Furthermore, G is recovered from Gc by restricting Gc to the real tangent bundle T^M. 
Writing l: TrM — )■ TqM for the canonical embedding of the real tangent bundle into its 
complexification, this can be expressed as G = t*Gc = i^*{Op — riOp)). We will usually 
drop the 6 by a slight abuse of notation, writing 

(4) i^(G,G) = n{ep - T{ep),ep - r{ep)) 

rather than fi(G,G) = ^](6*(0p - r(0p)), - T{6p))). 

We are now in a position to formulate the main result of this section. 

Proposition 7 (Von-Wangen-zu-Geroldseck formula). Let G he a simple connected Her- 
mitian Lie group, and let p: F — t- G be a reductive representation. The Toledo invariant 
T{p) can be expressed in terms of the associated G-Higgs bundle {Pp, dp, 9p) by the for- 
mula 

(5) T(P, dp, d) = ^^-i^ ■ I^ Q{ep - riOp), Op - r{ep)) A 

Proof. Combine Proposition H] and Lemma [5] with (jlj). □ 

It has been proved in [TB] (see also [I3j) that the harmonicity of the map f : M ^ X 
translates into a relation between the Higgs field Op and a certain connection A on the 
bundle Pp, given by the formula 

(6) FA = [ep^T{ep)]. 

This relation will be of particular importance for the explicit calculations in the next 
section. 

4. Toledo invariants for Higgs principal bundles. An explicit formula 

This section is devoted to the proof of Theorem [TJ We first introduce the notion of ad- 
missible representations a : G — t- GL{E). Then we complete the construction of the Higgs 
vector bundle (Ep^o-, 9p) associated to a given reductive representation p: F — )■ G and an 
admissible representation a: G GL[E). More precisely, we will obatain (Ep^o-,6'p) 
as the vector bundle associated via a to the G-Higgs bundle (Pp, dp. Op) constructed in 
Section |3] above. This will enable us to prove a more explicit version of Proposition [71 
We will then use this to prove Theorem [H 

The notion of admissible representations a: G — )■ GL{E) is motivated by the obser- 
vation that we can in fact obtain a much more explicit version of Proposition [7] if we 
regard G as a matrix Lie group in terms of some carefully chosen faithful representation. 
The constructions in this section are somewhat standard and can be found in [2l Sec. 3]. 
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More specifically, we consider a representation a: G — )■ GL{E) of G on some com- 
plex vector space E. The restrictions of da: g — t- qI{E) to t and p then extend to 
the respective complexifications ic and pc- In particular, we obtain a representation 
cr: Kc — )■ GL{E). For example, whenever G is classical we could take a to be just the 
standard representations of G. However, as it turns out it will be more convenient for 
our purposes to work with another representation, as we will now explain. 

Recall from [9] that the complex structure Ix on the symmetric space X is given by 
a uniquely determined element / G c(t) in the center of i by the formula 

I;,{X) = [I,X] 

for all X G p. Let us call the representation a: G — t- GL{E) admissible if it is faithful 
and has the property that 

i f-dimW-lv 

dim F + dimly 1 diml^-l^y 



(7) da(/) 



with respect to some decomposition E = V Q) W, where V and W are subspaces of E. 
For example, the representations considered in Sec. 3] are all admissible. 

Let a: G ^ GL{E) be an admissible representation. Since exp(/) and Kq commute 
it then follows that o"(-ft'c) C GL(y) x GL(W) preserves the eigenspace decomposition 
of exp(/). Moreover, a short calculation shows that dcr(pc) is necessarily of the form 

da(pc)c|(^° \ B eEnd{W,V), C eEnd{V, 

We define the vector bundle Ep ^. as the vector bundle Ep g. := PpX„ E over M associ- 
ated to the i^c-bundle Pp and the representation a: — )■ GL(y) x GL(W) C GL{E). 
It is equipped with a holomorphic structure (9e induced by the holomorphic structure dp. 
Moreover, it splits holomorphically as Ep o- = V © W, where V and W are holomorphic 
subbundles corresponding to the subspaces V and W of E. Since EndE = da{gc) we 
can by abuse of notation consider the Higgs field 9p G Q^{M, P(pc)) as an End(E)-valued 
1-form, given in matrix notation by 



Op 



f3 
7 



where /3 G 1]^(M, Hom(W, V)) and 7 G (^^(M, Hom(V, W)). In particular. Op is holo- 
morphic. The triple (Ep o-, 9e, Op) so obtained is the desired Higgs vector bundle. 
Next, we observe that the assignment 

(X,r)^tr (a(X)a(r)) 

defines an Ad(i^rc)-invariant bilinear form on p and thus extends to a G-invariant inner 
product on the symmetric space X. Recall that G-invariant inner products on X are 
unique up to a constant Co- G M \ {0}, that is, we have 

(9) UoiX, Y) = c„- tr {a{I)a{X)a{Y) - a{X)a{I)a{Y)) . 
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Note that is a numerical constant that depends on the choice of admissible represen- 
tation a. We will compute the constants Cg- in some special cases in Section O below. 

With all this understood, we can prove the following more explicit version of Propo- 
sition [3 

Proposition 8. Let G he a simple connected Hermitian Lie group, and fix an admissible 
representation a: G ^ GL{E) = GL{V © W). Let p: T ^ G be a reductive represen- 
tation. Then the Toledo invariant T{p) can be expressed in terms of the degrees of the 
subbundles V and W of the associated G-Higgs vector bundle {Ep^„ = V® W, Op) by the 
formula 

Proof. Throughout, we write 9 = 6p, and consider 6 as an End(E)-valued 1-form. Since 
the Cartan involution of GL{E) is given by X i— )■ —X* (see [12]) we have 

(10) Q^ = e-T{0) = e + e\ 

Using ([9]) we see that the 2-form i7(0c,0c) can be expressed as 

niOcQcm, 6) = ■ tr (a(/)ec(6)0c(6) - ec(6)^(/)0c(6)) 

= c.-tr (a(/)[ec(ei),ec(6)]) 

= I ■ tr (a(/)[ec(6), ec(6)] - ^(/)[ec(6), ec(6)]) 

= ^-tr (a(/)[ecA0c])(ei,6) 
for all vector fields .^1,^2 ^ T^M. That is, we have 

(11) n{ec,Qc) = y • tr (a(/)[ec A Gc]). 

In order to compute the right hand side of this equation consider 



[ecAec] = [(e + r) A(e + r)] 
(12) =[e ^e] + [e ^e'] + \e' ^e] + \e' ^t] 



Here we used that [9 A 6* ] = [6^ A 6*] = since 6* is a Higgs field, and [6^ A 6^ ] = [6^ A 9] 
since 6' is a 1-form. Combining ffTOl) . ffTTl) and f|T2|) we finally obtain 

(13) Q{9 -t{9),9 -t{9)) = ■ ti {cx{I)[9 A^]) . 

By formula ([6]), there exists a connection A on E = V © W whose curvature satisfies 
Fa = —[9 A 9 ]. This connection splits as 

'Av 
Aw 



A 
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where A^/ and Aw are connections on the subbundles V and W, respectively. Corre- 
spondingly, the curvature sphts as 

, Fa^ 

Hence we have 

cr{I)[9A9'] =-a{I)-FA 

dim y + dim V dim \/ ■ 1 J ' \^ Fa^ 

_ i UimW ■ Fa^ 

~ dim y + dim V -dimV ■ Fa^ 

and thus 

tr [6 Ar]) = ^ ■ {dimW ■ tr(F^ J - dim ^ ■ tr(F^^)) 

2n i 

= diml^ + dtoiy ■ 2^ ■ ■ "(^-v) - dim . tr(F,.)) 

= —-7 T— ■ (dimVT ■ Ci(V) - dimy ■ Ci(W)), 

dimV^ + dimW" ^ ^ ^ v 

where Ci denotes the first Chern class. Since the bundle E is fiat (see [171 Thm. 1]), we 
have Ci(V) = — ci(W). Hence we get 

tr {a{I)[eAe']) =27r-Ci(V) = -27r-Ci(W). 
Inserting this into f[T^ . we obtain 

n{e -T{e),e -T{e)) =27r-c, ■ci(v) = -27r ■ c,, ■ ci(w). 

Integrating and applying Proposition [7] we obtain 

□ 

We now obtain the inequality claimed in Theorem [1] by combining Proposition [8] with 
the Milnor-Wood type inequality of Lemma [3l 

(14) |deg(V)| = |deg(W)| < ^^^^^ . ■ Vol(M). 



27r ■ \cJ 



This proves Theorem [H 
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5. Examples of admissible representations 

In this section, we compute the numerical constant Co- in the case where G is either 
SU{p,q) or Sp{2n,'E.), and a is the standard admissible representation. Note that this 
is the only part of our argument where we have to argue case-by-case. 

This will enable us to make inequality (|T^ more explicit and prove the inequalities 
claimed in Theorem |2j 

We start with some general observations. First, recall that there are three different 
normalized Kahler metrics on X frequently used in the literature. These are 

(i) the Killing metric qkhi corresponding to the restriction of the Killing form k of 
to p; 

(ii) the Bergman metric gserg obtained by realizing A' as a bounded symmetric 
domain (see [9]); 

(iii) the normalized metric gnorm of minimal holomorphic sectional curvature —1. 
Notice that up to now we have only used the normalized metric (y'norm- Since it is usually 
easier to compute 0^ using the Killing metric, the following lemma is useful for us. 

Lemma 9. The Killing metric, Bergman metric and normalized metric are related by 

_ 2 _ 1 

Qnorm ' QBerq ' QKilh 

Px Px 

where 



(15) PX 




= 5u{p,q); 
= sp{2n). 

Proof. By [6l p. 2 74] the minimal holomorphic sectional curvature of the Bergman kernel 
is given by — . Since multiplying the metric by some positive constant A leads to an 

additional factor of in the curvature, the first equality follows. The second equality 
is classical (see [T51 p. 74]). □ 

With this at hand, we can prove Theorem [2l 



Case G = SU (p, q) . We take the standard representation 

Since K = S{U{p) x U{q)) and Kc = S{GLp{C) x GLg{C)) we have 1/ = , = O 
and deg(V) = — (degW). It is easily checked that a{I) satisfies ([7]), so / is admissible. 
Let us compute c„: Denoting by Kg^, the complex Killing form on gc = slp+g(C) we have 

K,^ (X, Y) = 2{p + q) ■ tr(Xy), X, y G gc 

by [H Rem. 6.15]. Moreover, the Killing forms Kg and of g and gc, respectively, are 
by definition related by 

^0 ~ '^9c I g X • 
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Combining this with Lemma M and using px = p + q hy ( |T5l) above, we see that for all 

{9norrn)o{X,Y) = — ■ {9Km)o{X,Y) 

Px 

= ^— ■ UX,Y) 
p + q ' 



P + q 
2{p + q) 



tr(xy) 



p + q 
= 2 ■tr(Xr). 

Since {ux)o{X,Y) = (5'norm)o(-^5 [-^5^]) "we obtain Co- = —2. Since rk(G') = min{p, g} we 
finally obtain from ( 1T4|) 



|deg(V)| = |deg(W)| < — ■ minip, g} ■ Vol(M). 

4:71 

Case G = Sp{2n,M). Recall that the elements of g = sp^{2n) are (n + n)^-block 
matrices of the form 



X{A,B,C)=(^^ 



where B and C are symmetric. Now define matrices 

/O ■■■ 1\ 

V ■■■ 0/ 

Then S = is an involution and T is unitary. Furthermore, since 

_ 1 f SiA-A-^ -tiB-C))S Si-A-A'^-tiB + C))S\ 
^ ' 2' \S{-A-A'^ + i{B + C))S S{A-A'^ + i{B-C))SJ 

is contained in su(n, n) we obtain embeddings 

Q^su{n,n) and G ^ SU{n,n) 
by means of conjugation with T. The latter yields an admissible representation 

(x:G^ SU{n, n) GLiC" © C"). 
By [H Rem. 6.15] the Killing form on gc is given by 

K,,{X,Y) = 2{n + l)ii{XY). 
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By Lemma [9l we have for all X,Y E p 

tr {a{X)a{Y)) = tr [TXT-^TYT-^) 



tr(xr) 

1 



2{n + l] 

= 5^(*,„).(.Y.r) 

This implies = —2. Using rk(G) = n we finally obtain 

|deg(V)| = |deg(W)| < — -VoKM). 

4:71 

This finishes the proof of Theorem [2l 
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